modular functions and dirichlet series in
number theory

modular functions and dirichlet series in number theory form fundamental concepts that have
deeply influenced modern mathematical research, especially in the realm of analytic number theory
and arithmetic geometry. These two areas, while distinct, intertwine through their role in
understanding the properties of numbers, particularly primes, and the structures underlying
modular forms, L-functions, and automorphic forms. Modular functions provide a rich framework to
study complex analysis on modular curves, whereas Dirichlet series serve as essential analytic tools
that encode arithmetic information via infinite series. Their interplay is crucial in advancing topics
such as the distribution of prime numbers, modularity theorems, and the explicit construction of L-
functions. This article explores the definitions, properties, and significant applications of modular
functions and Dirichlet series in number theory, shedding light on their historical development and
their modern implications. The following sections detail the foundational aspects, analytic
structures, and intricate connections that make these concepts indispensable in contemporary
mathematical research.
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Fundamentals of Modular Functions

Modular functions are complex functions defined on the upper half-plane that exhibit specific
transformation properties under the action of modular groups, typically SL(2,Z) or its subgroups.
These functions are invariant or transform in a controlled manner under fractional linear
transformations, making them central objects in the theory of modular forms. Unlike modular forms,
modular functions may have poles but are meromorphic on the modular curve. Their study is closely
linked to elliptic curves, complex tori, and the theory of Riemann surfaces.

Definition and Basic Properties

A modular function is a meromorphic function f on the upper half-plane H satisfying the relation:
fl(at + b)/(ct + d)) = f(7) for all matrices [[a, b], [c, d]] in a modular group, where T € H.

These functions are often studied on the quotient space formed by the action of the modular group,
resulting in a modular curve. They possess a q-expansion at the cusp infinity, which is a Fourier



series in ¢ = e”™{2mit}. This expansion encodes significant arithmetic information.

Examples of Modular Functions

Important examples include the j-invariant, which classifies elliptic curves over the complex
numbers up to isomorphism. The j-function is a modular function for the full modular group SL(2,Z)
and plays a pivotal role in number theory and algebraic geometry.

e j-invariant: A fundamental modular function with a g-expansion beginning as j(t) = ¢~ {-1} +
744 + 196884q + ...

e Hauptmoduln: Modular functions generating the function field of modular curves

e Modular units: Modular functions with multiplicative inverses also modular functions

Introduction to Dirichlet Series

Dirichlet series are infinite series of the form > {n=1}"» a n/n"s, where s is a complex variable
and a_n are complex coefficients. These series are vital in analytic number theory because they
encode arithmetic functions and facilitate the study of their distribution and properties through
complex analysis techniques. The most famous example is the Riemann zeta function, which plays a
central role in the distribution of prime numbers.

Definition and Convergence

A Dirichlet series is defined as:
D(s) =3 {n=1}"wa nn”{-s}, where s = g + it is a complex variable.

The region of convergence depends on the growth of the coefficients a_n. Typically, such a series
converges absolutely in some half-plane ¢ > ¢ 0. Analytic continuation and functional equations
often extend the domain where these series provide meaningful information.

Key Examples

Several important analytic objects in number theory are expressed as Dirichlet series, including:
e Riemann zeta function: {(s) =3 {n=1}"» n"{-s}
e Dirichlet L-functions: L(s, ) =3 {n=1}"® y(n) n™{-s} for Dirichlet characters y

e Hecke L-functions: Generalizations associated with modular forms and number fields



Connections Between Modular Functions and Dirichlet
Series

The profound relationship between modular functions and Dirichlet series manifests primarily
through modular forms, which are closely related to modular functions but with holomorphicity and
growth conditions. Modular forms give rise to L-functions represented by Dirichlet series with
remarkable analytic properties. These L-functions encode deep arithmetic information and satisfy
functional equations and analytic continuations that mirror the modular forms' symmetries.

Modular Forms and Associated L-functions

Modular forms are complex analytic functions on the upper half-plane with specific transformation
properties and growth conditions. Each modular form can be associated with a Dirichlet series
called an L-function, typically constructed from its Fourier coefficients. These L-functions generalize
the Riemann zeta function and Dirichlet L-functions and are central in modern number theory.

Role of the Mellin Transform

The Mellin transform provides a bridge between modular forms and Dirichlet series. Applying the
Mellin transform to the Fourier expansion of a modular form yields a Dirichlet series representation
of the associated L-function. This transform is crucial in studying analytic properties such as
continuation and functional equations.

e Transforms Fourier expansions into Dirichlet series
 Facilitates analytic continuation beyond the region of absolute convergence

e Encodes modular symmetries into functional equations of L-functions

Applications in Number Theory

The interplay of modular functions and Dirichlet series has led to significant breakthroughs and
applications in number theory. These applications range from prime number theory to the proof of
deep conjectures involving elliptic curves and modularity.

Distribution of Prime Numbers

Dirichlet L-functions, arising from characters modulo an integer, are instrumental in generalizing
the prime number theorem to arithmetic progressions. The non-vanishing of these L-functions on
certain lines in the complex plane underpins the distribution results for primes in specific
congruence classes.



The Modularity Theorem

The modularity theorem, formerly known as the Taniyama-Shimura-Weil conjecture, connects elliptic
curves defined over the rationals with modular forms. It asserts that every elliptic curve over Q is
modular, meaning its L-function coincides with the L-function of a modular form. This theorem's
proof was a cornerstone in the proof of Fermat's Last Theorem and highlights the essential
connection between modular functions and Dirichlet series representing L-functions.

e Classification of elliptic curves via modular forms
e Construction of L-functions from modular parameterizations

e Implications for rational points and arithmetic geometry

Advanced Topics and Recent Developments

Research continues to advance the understanding of modular functions and Dirichlet series in
number theory, with new generalizations and applications emerging in the study of automorphic
forms, multiple Dirichlet series, and beyond.

Automorphic Forms and Generalized L-functions

Automorphic forms extend the concept of modular forms to more general groups and higher
dimensions. Their associated L-functions, expressed as Dirichlet series, generalize classical
constructions and are at the forefront of the Langlands program, which seeks to unify various areas
of mathematics through deep correspondences.

Multiple Dirichlet Series

Multiple Dirichlet series involve sums over several complex variables and encode intricate
arithmetic data. These series generalize classical Dirichlet series and are studied for their
connections to higher rank groups, representation theory, and advanced analytic properties.

e Extension of analytic techniques to multiple complex variables
e Connections to moments of L-functions and random matrix theory

» Applications in arithmetic statistics and algebraic geometry



Frequently Asked Questions

What is a modular function in number theory?

A modular function is a complex function that is invariant under the action of a modular group,
typically defined on the upper half-plane, and exhibits specific transformation properties under the
group SL(2,Z). They often arise in the context of modular forms with weight zero.

How are modular functions related to modular forms?

Modular functions can be seen as modular forms of weight zero. While modular forms transform in a
specific way under the modular group with a given weight, modular functions are invariant under
the group action, allowing poles only at the cusps.

What is a Dirichlet series in number theory?

A Dirichlet series is an infinite series of the form 3 {n=1}"®~ a n/n”s, where s is a complex
variable and a_n are complex coefficients. It is a fundamental tool in analytic number theory for
studying arithmetic functions and L-functions.

How do modular functions connect to Dirichlet series?

Modular functions and modular forms often produce Dirichlet series through their Fourier
expansions or associated L-series. These Dirichlet series encode arithmetic information and can
satisfy functional equations tied to the modularity properties.

What is the significance of the j-invariant as a modular
function?

The j-invariant is a fundamental modular function that classifies elliptic curves over the complex
numbers up to isomorphism. It is invariant under the modular group and plays a central role in the
theory of complex multiplication and modular forms.

Can Dirichlet series associated with modular forms be
analytically continued?

Yes, Dirichlet series arising from modular forms, like L-series, often admit analytic continuation to
the entire complex plane (except possibly poles) and satisfy functional equations, which are crucial
for deep results like the modularity theorem.

What role do modular functions play in the proof of Fermat's
Last Theorem?

Modular functions and modular forms were key in the proof of Fermat's Last Theorem, as Andrew
Wiles proved the modularity of semistable elliptic curves, linking them to modular forms and their
associated L-series, establishing the Taniyama-Shimura-Weil conjecture.



How do Dirichlet series help in understanding prime number
distributions?

Dirichlet series, particularly Dirichlet L-series, generalize the Riemann zeta function and are used to
study primes in arithmetic progressions. Their analytic properties, such as zeros and poles, provide
insights into the distribution of prime numbers.

What is the modularity theorem and its relation to Dirichlet
series?

The modularity theorem states that every rational elliptic curve corresponds to a modular form. This
correspondence links the elliptic curve's L-series, expressed as a Dirichlet series, to the modular
form's Fourier coefficients, enabling deep analysis through modularity.

Additional Resources

1. Modular Functions and Dirichlet Series in Number Theory

This classical text explores the deep connections between modular functions and Dirichlet series,
providing a comprehensive introduction to their roles in analytic number theory. It covers the theory
of modular forms, Eisenstein series, and L-functions, with detailed proofs and examples. The book is
suitable for advanced undergraduates and graduate students seeking a rigorous foundation.

2. Introduction to Modular Forms with Applications to Dirichlet Series

This book offers a clear and accessible introduction to modular forms and their applications to the
study of Dirichlet series. It emphasizes computational techniques and includes numerous exercises
to reinforce understanding. The author also discusses the interplay between modularity and analytic
properties of L-functions.

3. Analytic Number Theory: Modular Functions and Dirichlet Series

Focusing on analytic methods in number theory, this volume delves into the theory of modular
functions and their associated Dirichlet series. It covers key topics such as the modular group, g-
expansions, and the analytic continuation of L-series. The text is well-suited for researchers
interested in the analytic aspects of modular forms.

4. Modular Forms and Dirichlet Series

This comprehensive treatise provides an in-depth study of modular forms and their related Dirichlet
series, exploring both classical and modern perspectives. It includes discussions on Hecke operators,
cusp forms, and applications to arithmetic problems. The rigorous approach makes it ideal for
graduate students and professional mathematicians.

5. Dirichlet Series and Modular Forms in Number Theory

This book presents a detailed account of Dirichlet series arising from modular forms, highlighting
their significance in number theory. It carefully develops the theory of modular functions before
connecting it to the properties of associated L-series. Readers will find numerous examples
illustrating the theory’s applications to prime number distributions and class numbers.

6. The Theory of Modular Functions and Dirichlet Series
A classic work in the field, this volume systematically develops the theory of modular functions



alongside the study of Dirichlet series. It emphasizes the historical development and key results,
including modular equations and functional equations of L-functions. The text is a valuable resource
for those interested in the foundational aspects of modular forms.

7. Modular Forms, Dirichlet Characters, and L-series

This text explores the relationships between modular forms, Dirichlet characters, and their L-series,
providing insights into character sums and modular transformations. It includes comprehensive
proofs and applications to problems in analytic number theory. The book is tailored for graduate-
level courses and research.

8. Advanced Topics in Modular Functions and Dirichlet Series

Designed for advanced readers, this book covers specialized topics such as the Rankin-Selberg
method, Petersson inner products, and non-holomorphic modular forms. It investigates the analytic
properties of Dirichlet series connected to these modular objects. The volume is ideal for
researchers seeking to deepen their understanding of modern developments.

9. Modular Forms and Their Dirichlet Series: A Computational Approach

Focusing on computational methods, this book provides tools and algorithms for studying modular
forms and their associated Dirichlet series. It bridges theoretical concepts with practical
computation, including software implementations and numeric examples. This text is particularly
useful for mathematicians interested in experimental and computational number theory.
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