mathematical modeling examples with
answers

Mathematical modeling is a powerful tool used across various fields to represent real-world
situations through mathematical expressions and equations. By simplifying complex systems into
manageable models, researchers and practitioners can analyze, predict, and optimize outcomes. This
article will explore several examples of mathematical modeling, providing detailed explanations and
solutions to illustrate the process and its applications.

Understanding Mathematical Modeling

Mathematical modeling involves several steps:

1. Problem Identification: Define the real-world problem and the purpose of the model.
2. Formulation: Develop a mathematical representation using equations and variables.
3. Analysis: Solve the model to analyze behavior and outcomes.

4. Validation: Compare model predictions with actual data to ensure accuracy.

5. Implementation: Use the model to make informed decisions or predictions.

Mathematical models can take various forms, including algebraic equations, statistical models, and
differential equations. Below, we will delve into specific examples across different domains.

Example 1: Population Growth Model

Population dynamics can be modeled using the exponential growth equation, which is useful for
understanding how populations grow over time.

Exponential Growth Equation

The general formula for exponential growth is:
\[P(t) =P_0 e~ {rt}\]

Where:

-\( P(t) \) = population at time \( t\)

-\( P_0\) = initial population

-\(r\) = growth rate

-\( e\) = base of the natural logarithm (approximately 2.718)
\( t\) = time in appropriate units



Example Problem

Suppose a small town has a population of 5,000 people, and it is growing at a rate of 3% per year.
Calculate the population after 10 years.

Solution

1. Identify parameters:
-\(P_0=15000\)
-\(r=0.03\)
-\(t=10))

2. Substitute into the equation:

\[

P(10) = 5000 \cdot e~ {0.03 \cdot 10}

\]

3. Calculate:

\[

P(10) = 5000 \cdot e™{0.3} \approx 5000 \cdot 1.34986 \approx 6749.3
\]

Thus, the projected population after 10 years is approximately 6,749 people.

Example 2: Projectile Motion

Projectile motion can be modeled using quadratic equations to predict the path of an object in
motion under the influence of gravity.

Projectile Motion Equation

The height \( h'\) of a projectile as a function of time \( t\) can be represented by the equation:
\[ h(t) = -\frac{1}{2}gt™2 +v Ot + h 0]

Where:

-\(g\) = acceleration due to gravity (approximately 9.81 m/s?)

-\(v_0) = initial velocity
-\( h_0\) = initial height

Example Problem



An object is thrown upward with an initial velocity of 20 m/s from a height of 2 meters. Determine
the time it takes for the object to reach the ground.

Solution

1. Identify parameters:
-\(g=9.81))
-\(v.0=20))

-\(h 0=2Y)

2. Set\(h(t) = 0) to find when it hits the ground:
})[= Afrac{1}{2}(9.81)t"2 + 20t + 2

}ghis simplifies to:

§E1.905t"2 +20t+2=0

\]

3. Use the quadratic formula \( t = \frac{-b \pm \sqrt{b”2 - 4ac}}{2a} \):
-\(a =-4.905))

-\(b=20)\)

-\(c=2))

4. Calculate:

\[

t = \frac{-20 \pm \sqrt{20”2 - 4 \cdot (-4.905) \cdot 2} } {2 \cdot (-4.905)}
\]

\[

t = \frac{-20 \pm \sqrt{400 + 39.24}}{-9.81}
\]

\[

t = \frac{-20 \pm \sqrt{439.24}}{-9.81}

\]

\[

t = \frac{-20 \pm 20.94}{-9.81}

\]

Taking the positive root:

\[
t \approx \frac{0.94}{9.81} \approx 0.096 \text{ seconds}

\]

Thus, the object takes approximately 0.96 seconds to hit the ground.



Example 3: Supply and Demand Model

In economics, the relationship between supply and demand can be modeled with linear equations to
predict market equilibrium.

Supply and Demand Equations

The supply \( S \) and demand \( D \) functions can be expressed as follows:

- Supply function: \( S(p) = mp + b))
- Demand function: \( D(p) = -mp + c )

Where:

-\(p\) = price

-\(m ) = slope

-\( b\) = supply intercept
\( ¢\) = demand intercept

Example Problem

Assume the supply function is \( S(p) = 2p + 10) and the demand function is \( D(p) = -3p + 50).
Determine the equilibrium price.

Solution

To find the equilibrium price, set \( S(p) = D(p) \):

1. Set the equations equal to each other:
\[

2p+ 10 =-3p + 50

\]

2. Solve for \(p\):
\[
2p+3p=50-10
\]

\[

5p =40

\]

\[

p=28

\]

Thus, the equilibrium price is $8.



Example 4: Disease Spread Model

Epidemiology uses mathematical models to understand the spread of diseases. One common model
is the SIR model, which divides the population into susceptible (S), infected (I), and recovered (R)
individuals.

SIR Model Equations

The SIR model is described by the following differential equations:
1.\(\frac{dS}{dt} = -\beta SI\)

2.\(\frac{dI}{dt} = \beta SI-\gammal\)

3.\(\frac{dR}{dt} = \gammaI\)

Where:

-\(\beta \) = transmission rate
-\(\gamma \) = recovery rate

Example Problem

Assume a population of 1,000 people, with 10 initially infected, a transmission rate of 0.2, and a
recovery rate of 0.1. Calculate the initial change in the number of infected individuals.

Solution

1. Identify parameters:

-\( S(0) =990) (total population - initially infected)
-\(I(0) = 10)

-\(\beta =0.2)

-\(\gamma = 0.1)

2. Calculate the initial change in infected:

\[

\frac{dI}{dt} = \beta SI - \gamma I

\]

\[

\frac{dI}{dt} = 0.2 \cdot 990 \cdot 10 - 0.1 \cdot 10
\]

\[

\frac{dI}{dt} = 1980-1 = 1979

\]

Thus, the initial change in the number of infected individuals is approximately 1979.



Conclusion

Mathematical modeling serves as an essential approach in various disciplines, allowing for the
analysis and prediction of complex real-world scenarios. Through diverse examples such as
population growth, projectile motion, economic supply and demand, and disease spread, we see the
versatility of mathematical models. By following the structured steps of problem identification,
formulation, analysis, validation, and implementation, practitioners can leverage these models to
make informed decisions and devise effective strategies. Whether in science, economics, or public
health, mathematical modeling is an invaluable skill that enhances our understanding of the world
around us.

Frequently Asked Questions

What is a real-world example of mathematical modeling in
ecology?

One example is the Lotka-Volterra equations, which model predator-prey interactions. These
equations help ecologists understand population dynamics by representing the growth rates of
species and their interactions.

How can mathematical modeling be used in economics?

Mathematical models like the Cobb-Douglas production function can be used to represent the
relationship between inputs (like labor and capital) and outputs in an economy, helping economists
analyze production efficiency and economic growth.

What is a common mathematical model used in epidemiology?

The SIR model, which stands for Susceptible, Infected, and Recovered, is frequently used to model
the spread of infectious diseases. It helps predict how a disease will spread in a population over
time.

Can you give an example of mathematical modeling in
engineering?

In civil engineering, the finite element method (FEM) is a mathematical modeling technique used to
predict how structures will respond to environmental stresses, loads, and other forces, ensuring
safety and reliability.

What role does mathematical modeling play in climate
science?

Climate models, such as general circulation models (GCMs), use mathematical equations to simulate
the Earth's climate system, helping scientists predict future climate changes based on various
greenhouse gas emission scenarios.



How is mathematical modeling utilized in finance?

The Black-Scholes model is a well-known mathematical model used to calculate the pricing of
options. It helps traders understand the relationship between option prices and various factors such
as stock price, time, and volatility.

What is an example of mathematical modeling in
transportation?

Traffic flow models, such as the Lighthill-Whitham-Richards (LWR) model, use mathematical
equations to describe how vehicles move through a network, helping city planners optimize traffic
management and reduce congestion.

How can mathematical modeling assist in sports analytics?

In sports analytics, models like linear regression can be used to predict player performance based on
historical data, helping coaches make informed decisions about player selection and game strategy.
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